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ON THE MODULI SPACE OF λ-CONNECTIONS
ANOOP SINGH
Abstract. Let X be a compact Riemann surface of genus g ≥ 3. Let MHod
denote the moduli space of stable λ-connections overX andM′
Hod
⊂MHod denote
the subvariety whose underlying vector bundle is stable. Fix a line bundle L of
degree zero. Let MHod(L) denote the moduli space of stable λ-connections with
fixed determinant L andM′
Hod
(L) ⊂MHod(L) be the subvariety whose underlying
vector bundle is stable. We show that there is a natural compactification ofM′
Hod
and M′
Hod
(L), and study their Picard groups. Let MHod(L) denote the moduli
space of polystable λ-connections. We investigate the nature of algebraic functions
onMHod(L) and MHod(L). We also study the automorphism group of M
′
Hod
(L).
1. Introduction and statements of the results
1.1. Notations and conventions
In what follows, A1 denote the affine line over the field of complex numbers C, X
denote the compact connected Riemann surface of genus g ≥ 3. Unless otherwise
stated genus g of X is considered to be ≥ 3. J(X) denote the Jacobian of X .
1.2. Motivation and results
The Picard group of a moduli space is a very important invariant while studying the
classification problems for algebro-geometric objects. The Picard group of moduli
space of vector bundles have been studied extensively by several algebraic geome-
ters, for instance [7], [11], [2] to name a few. Also, the Picard group and algebraic
functions for the moduli space of logarithmic connections have been studied in [5]
and [12]. So, the purpose of this article is to study the Picard group, algebraic func-
tion and automorphism group of the moduli spaces of λ-connections. The notion of
λ-connection in a vector bundle was introduced by P. Deligne [6] realising the Higgs
bundles as a degeneration of vector bundles with connections, where λ varies over
the field of complex numbers C. In the series of papers [16], [15] and [17], Simpson
studied the moduli space of λ-connections extensively, where he named the moduli
space of λ-connections as Hodge moduli space.
In section (2), we recall the notion of λ-connection in a holomorphic vector bundle
E over X of rank n. We also recall the notion of stable and polystable λ-connections.
Let MHod = MHod(X, n) denote the moduli space of stable λ-connections on X of
rank n. Let M′Hod ⊂ MHod be the moduli space whose underlying vector bundle is
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stable. We show that there is a natural compactification of the moduli space M′Hod
[see Proposition (3.1)].
Let U = U(X, n) denote the moduli space of stable vector bundle of rank n and
degree 0, and let
p :M′Hod → U (1.1)
be the natural projection sending (E, λ,D) 7→ E. The morphism p : M′Hod → U
defined in (1.1) induces a homomorphism
p∗ : Pic(U)→ Pic(M′Hod) (1.2)
of Picard groups that sends any line bundle ξ over U to a line bundle p∗ξ over
M′Hod. Next, let ι : M
′
Hod →֒ MHod be the inclusion morphism. Then ι induces a
homomorphism
ι∗ : Pic(MHod)→ Pic(M
′
Hod) (1.3)
of Picard groups which restricts any line bundle ξ over MHod to M
′
Hod. We show
that p∗ and ι∗ are isomorphisms of groups, more concretely [see Theorem (3.3)]
Theorem 1.1. Let X be a compact Riemann surface of genus g ≥ 3. Then, the two
homomorphism
Pic(U)
p∗
−→ Pic(M′Hod)
ι∗
←− Pic(MHod)
defined in (1.2) and (1.3) are isomorphisms.
Let MHod = MHod(X, n) (see [9]) denote the coarse moduli space of isomorphism
classes of polystable λ-connections on X of rank n. Then we show that Pic(MHod) ∼=
Pic(MHod) [see Proposition (3.4)].
Fix a line bundle L over X of degree zero. For each λ ∈ C, fix a λ-connection DλL
on L such that for any λ1, λ2 ∈ C, we have
Dλ1L +D
λ2
L = D
λ1+λ2
L .
Let MHod(L) =MHod(X, n, L) denote the moduli space parametrising all stable
λ-connection (E, λ,D) such that
∧nE ∼= L and for every λ ∈ C, the λ- connection on∧nE induced by D coincides with the given λ-connection DλL on L. LetM′Hod(L) ⊂
MHod(L) be the moduli spaces whose underlying vector bundle is stable. We show
that M′Hod(L) admits a natural compactification [see Proposition (4.1)] and prove
that Pic(M′Hod(L))
∼= Z [see Corollary (4.3). Now, we have a natural surjective
algebraic morphism
ΦL :MHod(L)→ A
1 (1.4)
defined by (E, λ,D) 7→ λ. Then, we have [see Theorem (4.9)]
Theorem 1.2. Any algebraic function on MHod(L) will factor through the map
ΦL :MHod(L)→ A
1
defined in (1.4).
Finally, in the last section(5), we prove that the group Aut(M′Hod(L))0 of algebraic
automorphisms of the moduli space M′Hod(L) fits into the following short exact
sequence
0→ V
ı
−→ Aut(M′Hod(L))0
ρ
−→W× C∗ → 0
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of groups [see Theorem (5.1)].
2. Preliminaries
Definition 2.1. [15] A λ-connection on X is a triple of the form (E, λ,D), where
λ ∈ C, E is a holomorphic vector bundle on X of rank n such that det(E) = ΛnE ∈
J(X) and
D : E → Ω1X ⊗E
is a C-linear map which satisfies (Leibniz property)
D(fs) = fD(s) + λdf ⊗ s (2.1)
for every local holomorphic section s of E and every local section f of OX .
If (E, λ,D) is a λ-connection on X with λ 6= 0, then D/λ is a holomorphic con-
nection on E. Therefore by Atiyah [1] and Weil [19], degree(E) = 0. On the other
hand, if λ = 0, then D is an OX -linear map, and hence D ∈ H
0(X,Ω1X ⊗ End(E)).
Thus, the triple (E, 0, D) is a Higgs bundle on X with degree(E) = 0 (by Definition
(2.1)).
Given two λ-connections (E, λ,D) and (E, λ,D′) on X , where E and λ are fixed,
we have D−D′ ∈ H0(X,Ω1X⊗End(E)). Conversely, given ω ∈ H
0(X,Ω1X⊗End(E)),
the triple (E, λ,D + ω) is again a λ-connection on X .
Now, for fixed E and fixed λ ∈ C, let Vλ(E) denote the set consists of λ-connections
(E, λ,D). Then Vλ(E) is an affine space modelled on H
0(X,Ω1X ⊗End(E)) if λ 6= 0,
and V0(E) = H
0(X,Ω1X ⊗ End(E)).
Next, fix E. Let (E, λ,D) and (E, λ′, D′) be two λ-connections on X . Then
(E, λ + λ′, D + D′) is a λ- connection on X . Moreover, for any β ∈ C, the triple
(E, βλ, βD) is a λ- connection on X . The set of all λ-connections in E, denoted by
V (E), is a vector space over C. We have
V (E) =
∐
λ∈C
Vλ(E). (2.2)
If E is a stable vector bundle over X , then using Riemann-Roch theorem and Serre
duality, the dimension of V0(E) = H
0(X,Ω1X ⊗ End(E)) is n
2(g − 1) + 1.
Definition 2.2. A λ-connection (E, λ,D) over X is said to be semistable (respec-
tively, stable), if for every proper subbundle F 6= 0 with rk(F ) > 0, invariant under
D, that is, D(F ) ⊂ F ⊗ Ω1X , we have degree(F ) ≤ 0 (respectively, degree(F ) < 0).
A λ-connection is polystable if it decomposes as a direct sum of stable λ-connections
with the same slope.
LetMHod =MHod(X, n) denote the moduli space of stable λ-connections of rank
n on X . Then MHod is an irreducible smooth quasi-projective variety of dimension
2n2(g − 1) + 2 (see [16], [14]). We have natural surjective algebraic morphism
Φ :MHod → A
1 (2.3)
defined by (E, λ,D) 7→ λ. Let Φλ denote the inverse image Φ−1(λ). Then Φ1 =
MDR(X, n) and Φ
0 =MDol(X, n) are de Rham moduli space and Dolbeault moduli
space, respectively. LetM′Hod ⊂MHod be the moduli space whose underlying vector
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bundle is stable. ThenM′Hod is a Zariski open subvariety ofMHod follows from [[10],
p.635, Theorem 2.8(B)].
3. The Picard group of the Hodge moduli space
In this section, we compute the Picard group of the Hodge moduli spaces. Let
U = U(X, n) denote the moduli space of stable vector bundle of rank n and degree
0, and let
p :M′Hod → U (3.1)
be the natural projection sending (E, λ,D) → E. Then p is a surjective algebraic
morphism. For E ∈ U , p−1(E) = V (E), where V (E) is the vector space of all λ-
connections in E that can be expressed as disjoint union of Vλ(E) for λ ∈ C described
in (2.2). Now, since E is a stable vector bundle, we have
dimC(V (E)) = n
2(g − 1) + 2. (3.2)
There is a natural algebraic action of C∗ on M′Hod. In [18], using this natural
C∗ action on M′Hod, Simpson has proved a relative copactification of M
′
Hod over
A
1. Nevertheless, we give a different proof for the compactification of M′Hod, which
is constructive in nature. The statement and the steps involved in the following
Proposition (3.1) is exactly similar to the statement and proof of the Theorem 4.3 in
[12]. The main difference is that the fibre of p defined in (3.1) is a finite dimensional
vector space, while in [12], the fibre of p [see [12] equation(4.1)] is an affine space
modelled over H0(X,Ω1X ⊗ End(E)). Nonetheless, we shall sketch the construction
of algebraic vector bundle Q over U , because the morphisms (3.4) and (3.5) in proof
of the following Proposition 3.1 are very crucial in proving Theorem (3.3).
Proposition 3.1. There exists an algebraic vector bundle π : Q → U such that
M′Hod is embedded in P(Q) with P(Q) \M
′
Hod as the hyperplane at infinity.
Proof. By dualizing the fibres of p defined in (3.1), we construct a new vector bundle
over U satisfying certain conditions. For any E ∈ U , the fiber p−1(E) = V (E) is a
finite dimensional vector space over C. Let π : Q → U be an algebraic vector bundle
defined as follows; for every Zariski open subset U of U ,
Q(U) = {f : p−1(U)→ A1 is a regular function : f |V (E) ∈ V (E)
∨} (3.3)
Let (E, λ,D) ∈M′Hod. Then define a map η(E,λ,D) : V (E)
∨ → C, by η(E,λ,D)(ϕ) =
ϕ[(E, λ,D)], which is nothing but the evaluation map. Now, the kernel Ker(η(E,λ,D))
defines a hyperplane in V (E)∨ is denoted by H(E,λ,D).
Let P(Q) be the projective bundle defined by hyperplanes in the fiber of π.
Define a map
ι :M′Hod → P(Q) (3.4)
by sending (E, λ,D) to the hyperplane H(E,λ,D), which is clearly an open embedding.
Set Y = P(Q) \M′Hod. Let
π˜ : P(Q)→ U (3.5)
be the natural projection induced from π. Then π˜−1(E) ∩ Y is a linear hyperplane
in the projective space π˜−1(E) for every E ∈ U . 
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Let Z be a quasi-projective variety over C. We recall an elementary fact about
Picard groups.
Lemma 3.2. Let ι : U →֒ Z be a Zariski open subset of Z, whose complement has
codimension at least 2 in Z. Then the induced homomorphism ι∗ : Pic(Z)→ Pic(U)
of Picard groups is an isomorphism.
Proof. See [8], Chapter II, Proposition 6.5 (b), p.n. 133. 
The morphism p :M′Hod → U defined in (3.1) induces a homomorphism
p∗ : Pic(U)→ Pic(M′Hod) (3.6)
of Picard groups that sends any line bundle ξ over U to a line bundle p∗ξ overM′Hod.
Let
ι :M′Hod →֒ MHod (3.7)
be the inclusion map. Then ι induces a homomorphism
ι∗ : Pic(MHod)→ Pic(M
′
Hod) (3.8)
of Picard groups which restricts any line bundle ξ over MHod to M
′
Hod.
Now, we state the following theorem whose first part (that is, p∗ : Pic(U) →
Pic(M′Hod) is an isomorphism) is similar to Theorem 4.4 in [12], but in different
context, that is for moduli space of logarithmic connections.
Theorem 3.3. Let X be a compact Riemann surface of genus g ≥ 3. Then, the two
homomorphism
Pic(U)
p∗
−→ Pic(M′Hod)
ι∗
←− Pic(MHod) (3.9)
defined in (3.6) and (3.8) are isomorphisms.
Proof. First we show that ι∗ is an isomorphism. In view of Lemma (3.2), it is sufficient
to show that the compliment
MHod \M
′
Hod ⊂MHod
is of codimension at least 2 in MHod. Note that the dimension of the moduli space
MHod is 2n
2(g − 1) + 2. From the first statement in [2][Proposition 1.2, 1], we
conclude that the complement MHod \M
′
Hod has codimension at least 2 in MHod.
Next to show that p∗ is an isomorphism. we first show that p∗ is injective. Let
ξ → U be a line bundle such that p∗ξ is a trivial line bundle over M′Hod. Giving a
trivialization of p∗ξ is equivalent to giving a nowhere vanishing section of p∗ξ over
M′Hod. Fix s ∈ H
0(M′Hod, p
∗ξ) a nowhere vanishing section. Take any point E ∈ U .
Then, from the following commutative diagram
p∗ξ

p˜
// ξ

M′Hod
p
// U
(3.10)
we get
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s|p−1(E) : p
−1(E)→ ξ(E)
a nowhere vanishing map. Notice that p−1(E) ∼= CN and ξ(E) ∼= C, where N =
n2(g− 1) + 2. Now, any nowhere vanishing algebraic function on an affine space CN
is a constant function, that is, s|p−1(E) is a constant function and hence corresponds to
a non-zero vector αE ∈ ξ(E). Since s is constant on each fiber of p, the trivialization
s of p∗ξ descends to a trivialization of the line bundle ξ over U , and hence giving a
nowhere vanishing section of ξ over U . Thus, ξ is a trivial line bundle over U .
It remains to show that p∗ is surjective. Let ϑ → M′Hod be an algebraic line
bundle. Since M′Hod →֒ P(Q) [follows from (3.4), in the proof of above Proposition
(3.1)], we can extend ϑ to a line bundle ϑ′ over P(Q). Again from the morphism
π˜ : P(Q)→ U in (3.5) in the above Theorem(3.1) and from [8], Chapter III, Exercise
12.5, p.n. 291., we have
Pic(P(Q)) ∼= π˜∗Pic(U)⊕ ZOP(Q)(1). (3.11)
Therefore,
ϑ′ = π˜∗L⊗OP(Q)(l) (3.12)
where L is a line bundle over U and l ∈ Z. Since Y = P(Q)\M′Hod is the hyperplane
at infinity, using (3.11) the line bundle OP(Q)(Y ) associated to the divisor Y can be
expressed as
OP(Q)(Y ) = π˜
∗L1 ⊗OP(Q)(1) (3.13)
for some line bundle L1 over U . Now, from (3.12) and (3.13), we get
ϑ′ = π˜∗(L⊗ (L∨1 )
⊗l)⊗OP(Q)(lY ). (3.14)
Since, the restriction of the line bundle OP(Q)(Y ) to the compliment P(Q) \ Y =
M′Hod is the trivial line bundle and restriction of π˜ toM
′
Hod is the map p defined in
(3.1), therefore, we have
ϑ = p∗(L⊗ (L∨1 )
⊗l). (3.15)
This completes the proof. 
Let MHod = MHod(X, n) (see, [9]) denote the coarse moduli space of isomorphism
classes of polystable λ-connections of rank n on X . Then MHod is a quasi-projective
variety that contains MHod as a Zariski open dense subset.
Although, we have assumed that genus g ≥ 3, but the following proposition is true
for g ≥ 2.
Proposition 3.4. Let X be a compact Riemann surface of genus g ≥ 2 and n ≥ 2.
Then we have
Pic(MHod) ∼= Pic(MHod) (3.16)
Proof. In view of Lemma(3.2), it is sufficient to show that the codimension of the
closed set W = MHod \ MHod in MHod is atleast 2. And that follows from [9],
Proposition 3.1. 
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4. Algebraic functions on the Hodge moduli space
In this section we will study the algebraic functions on the Hodge moduli space
with fixed determinant. Fix a line bundle L over the compact Riemann surface X of
degree zero. For each λ ∈ C, fix a λ-connection DλL on L such that for any λ1, λ2 ∈ C,
we have
Dλ1L +D
λ2
L = D
λ1+λ2
L . (4.1)
Let MHod(L) =MHod(X, n, L) denote the moduli space parametrising all stable
λ-connections (E, λ,D) such that
(1) E is a holomorphic vector bundle of rank n over X with
∧nE ∼= L.
(2) for every λ ∈ C, the λ-connection on
∧nE induced by D coincides with the
given λ-connection DλL on L.
Then MHod(L) is a smooth quasi-projective closed subvariety ofMHod of dimen-
sion 2(n2 − 1)(g − 1) + 1. Let M′Hod(L) = MHod(L) ∩ M
′
Hod, that is, M
′
Hod(L)
consists of those points ofMHod(L) whose underlying vector bundle is stable. Then
M′Hod(L) is a Zariski open dense subset of MHod(L) (openness follows from [[10],
p.635, Theorem 2.8(B)]).
Again, we have a natural surjective algebraic morphism
ΦL :MHod(L)→ A
1 (4.2)
defined by (E, λ,D) 7→ λ. Let ΦλL denote the inverse image Φ
−1
L (λ). Then, Φ
1
L =
MDR(X, n, L) and Φ
0
L = MDol(X, n, L) are de Rham moduli space and Dolbeault
moduli space with fixed determinant L, respectively. Let UL be the moduli space
parametrising all the stable holomorphic vector bundle E on X of rank n and degree
zero such that
∧nE ∼= L.
Let
p0 :M
′
Hod(L)→ UL (4.3)
be the projection defined by sending (E, λ,D) to E. Then from the assumption
(4.1) on the fixed family (L, λ,DλL)λ∈C, for every E ∈ UL, p
−1
0 (E) is a vector space
of dimension (n2 − 1)(g − 1) + 1. Note that if we remove the assumption (4.1) from
the fixed family (L, λ,DλL)λ∈C, p
−1
0 (E) need not be a vector space. Now, we have
following result similar to Proposition (3.1).
Proposition 4.1. There exists an algebraic vector bundle π′ : Ξ′ → UL such that
M′Hod(L) is embedded in P(Ξ
′) with P(Ξ′) \M′Hod(L) as the hyperplane at infinity.
Proof. cf. Proposition (3.1) 
Proposition 4.2. The homomorphism p∗0 : Pic(UL) → Pic(M
′
Hod(L)) defined by
ξ 7→ p∗0ξ is an isomorphism of groups.
Proof. The proof is similar to the proof of the Theorem (3.3). 
Now, from [11], Proposition 3.4, (ii), we have Pic(UL) ∼= Z. Thus, in view of
Theorem (4.2), we have
Corollary 4.3. Pic(M′Hod(L))
∼= Z.
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Now, consider Φ1L = MDR(X, n, L) the moduli space of 1-connection on X with
fixed determinant (L, 1, D1L) that is nothing but moduli space of holomorphic connec-
tions (E, 1, D) on X with fixed determinant (L,D1L). LetM
′
DR(L) ⊂ Φ
1
L denote the
Zariski open subvariety such that the underlying vector bundle is stable (openness
follows from [[10], p.635, Theorem 2.8(B)]).
Let
q :M′DR(L)→ UL (4.4)
be the canonical projection map defined by sending (E,D) to E. From Atiyah [1]
and Weil [19], being an indecomposable vector bundle of degree zero, any E ∈ UL
admits a holomorphic connection. Thus q is a surjective morphism.
First note that for any E ∈ UL, the holomorphic cotangent space Ω
1
UL,E
at E is
isomorphic to H0(X,Ω1X ⊗ ad(E)), where ad(E) ⊂ End(E) is the subbundle consists
of endomorphism of E whose trace is zero. Also, q−1(E) is an affine space modelled
over H0(X,Ω1X ⊗ad(E)). Thus, there is a natural action of Ω
1
UL,E
on q−1(E), that is,
Ω1UL,E × q
−1(E)→ q−1(E)
sending (ω,D) to ω+D, which is faithful and transitive. Thus, we have (see [12] for
the definition of torsor and similar results for instance [12] Proposition 4.2)
Proposition 4.4. Let q : M′DR(L) → UL be the map as defined in (4.4). Then
M′DR(L) is a Ω
1
UL
-torsor on UL.
Proposition 4.5. The homomorphism q∗ : Pic(UL) → Pic(M
′
DR(L)) defined by
ξ 7→ q∗ξ is an isomorphism of groups.
Proof. The arguments involved in the proof is parallel to the Theorem (3.3). 
Now, from [11], Proposition 3.4, (ii), we have Pic(UL) ∼= Z. Thus, in view of
Proposition (4.5), we have
Pic(M′DR(L))
∼= Z. (4.5)
Let Θ be the ample generator of the group Pic(UL). We have Atiyah exact
sequence
0→ OUL
ı
−→ At(Θ)
σ
−→ TUL → 0, (4.6)
where At(Θ) is called Atiyah algebra of holomorphic line bundle Θ, and in this
case it is equal to Diff 1(Θ,Θ), the sheaf of first order differential operators on Θ for
more details see [1].
Dualising the above Atiyah exact sequence (4.6), we get following exact sequence,
0→ Ω1UL
σ∗
−→ At(Θ)∗
ı∗
−→ OUL → 0 (4.7)
Consider OUL as trivial line bundle UL×C. Let t : UL → UL×C be a holomorphic
map defined by E 7→ (E, 1). Then t is a holomorphic section of the trivial line bundle
UL × C.
Let T = Im(t) ⊂ UL × C be the image of t. Then T → UL is a fibre bundle.
Consider the inverse image ı∗−1T ⊂ At(Θ)∗, and denote it by C(Θ). Using the same
technique as in [12], (see Proposition 5.4), we can show that
C(Θ) ∼=M′DR(L) (4.8)
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Lemma 4.6. Assume that genus(X) ≥ 3. Then
H0(M′DR(L),OM′DR(L)) = C. (4.9)
Proof. In view of the above isomorphism (4.8) of varieties, it is enough to show that
C(Θ) does not have any non-constant algebraic function. Now, from [5], Theorem
4.3, p.797 (also see [12], Theorem 5.7), we have
H0(C(Θ),OC(Θ)) = C.

Proposition 4.7. H0(Φ1L,OΦ1L) = C.
Proof. Since M′DR(L) ⊂ Φ
1
L is an open dense subvariety. Therefore, from above
Lemma (4.6), conclusion follows. 
Next, for any λ 6= 0, ΦλL is isomorphic to Φ
1
L, by a morphism sending (E, λ,D) to
(E, 1, λ−1D). Thus we have
Corollary 4.8. For any λ 6= 0, H0(ΦλL,OΦλL) = C.
Now, we are in position to describe the algebraic functions on the moduli space
MHod(L), which generalizes a result (see [4] Theorem 4.1, p.1542) to higher rank
case on the compact Riemann surface X .
Theorem 4.9. Any algebraic function on MHod(L) will factor through the map
ΦL :MHod(L)→ A
1
defined in (4.2).
Proof. Let g : MHod(L) → C be an algebraic function. Then, for each λ 6= 0, the
restriction of g to each fibre ΦλL of ΦL is a constant function, follows from Corollary
(4.8). Since ∐
06=λ∈C
ΦλL →֒ MHod(L) (4.10)
is a dense open subset ofMHod(L), and hence defining a function from A
1 → A1. 
Let MHod(L) = MHod(X, n, L) denote the moduli space of isomorphism classes of
polystable λ-connections of rank n on X such that
(1) E is a holomorphic vector bundle of rank n over X with
∧nE ∼= L.
(2) for every λ ∈ C, the λ-connection on
∧nE induced by D coincides with the
given λ-connection DλL on L.
Then MHod(L) is a quasi-projective variety that contains MHod(L) as a Zariski
open dense subset, and we have the canonical map
τ : MHod(L)→ A
1 (4.11)
defined by sending (E, λ,D) 7→ λ.
Corollary 4.10. Any algebraic function on MHod(L) will factor through the map
τ : MHod(L)→ A
1
defined in (4.11).
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5. Automorphism of Hodge moduli space
In [3], the automorphism group of moduli space of rank one λ-connections have been
studied. In this section we will obtain a short exact sequence which contains the
group of algebraic automorphism of Hodge moduli space. The group of algebraic
automorphisms of the moduli spacesM′Hod(L) and UL is denoted by Aut(M
′
Hod(L))
and Aut(UL), respectively. Let
Aut(M′Hod(L))0 ⊂ Aut(M
′
Hod(L)) and Aut(UL)0 ⊂ Aut(UL)
be the connected component of the respective groups of algebraic automorphisms
containing the identity automorphism.
Let Ψ : M′Hod(L) → A
1 be the canonical projection defined by (E, λ,D) 7→ λ.
Then, for each λ ∈ C, we denote the inverse image Ψ−1(λ) by Ψλ. For each λ ∈ C,
we have canonical projection
fλ : Ψλ → U , (5.1)
defined by (E, λ,D) → E. Let V consists of those T ∈ Aut(M′Hod(L))0 such that
for every λ ∈ C, we have
(1) T |Ψλ : Ψ
λ → Ψλ.
(2) fλ ◦ T |Ψλ = f
λ.
Then V is a subgroup of Aut(M′Hod(L))0. Let W denote the group of all algebraic
maps from C to Aut(UL)0. Then we have following
Theorem 5.1. The group Aut(M′Hod(L))0 fits in a short exact sequence
0→ V
ı
−→ Aut(M′Hod(L))0
ρ
−→W× C∗ → 0 (5.2)
of groups.
Proof. Let T ∈ Aut(M′Hod(L))0. From Proposition (4.8), Ψ
λ does not admit any
nonconstant algebraic function, for any λ ∈ C∗. Hence the composition
Ψλ
T |Ψλ
−−−→M′Hod(L)
Ψ
−→ A1, (5.3)
is a constant function for all λ ∈ C∗. Note that for every λ ∈ C∗, Ψ0 is not isomorphic
to Ψλ, therefore
Ψ(T (Ψλ)) ∈ C∗. (5.4)
Now, T being an automorphism, (5.4) holds for T−1, and hence the composition in
(5.3) is a constant function for every λ ∈ C. This implies that there is an algebraic
automorphism γ0 : A
1 → A1 such that the following diagram
M′Hod(L)
Ψ

T
//M′Hod(L)
Ψ

A1
γ0
// A1
(5.5)
commutes. Since Ψ0 is not isomorphic to Ψλ for every λ ∈ C∗, therefore γ0(0) = 0.
Thus, γ0(z) = γ.z for some γ ∈ C
∗ and z ∈ A1. Clearly, γ ∈ C∗ depends on T .
For any λ ∈ C, let
ψλ : Ψλ → UL (5.6)
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be the canonical projection defined by sending (E, λ,D)→ E.
For λ 6= 0 the above map is surjecive, and the fibres of ψλ is an affine space
modelled over H0(X,Ω1X ⊗ End(E)) and for λ = 0, the inverse image (ψ
0)−1(E) =
H0(X,Ω1X ⊗ End(E)).
Thus, for given T ∈ Aut(M′Hod(L))0, there exists a unique automorphism
Υ(λ) : UL → UL (5.7)
such that the following diagram
Ψλ
ψλ

T |
Ψλ
// Ψγλ
ψγλ

UL
Υ(λ)
// UL
(5.8)
commutes, for every λ ∈ C. Also, note that Υ(γ) ∈ Aut(UL)0. From above phenom-
enon, we define
ρ : Aut(M′Hod(L))0 →W× C
∗ (5.9)
by T 7→ (Υ, γ). It is straightforward to check that ρ is a surjective group homo-
morphism. Now, the kernel of ρ is V, which gives the short exact sequence (5.2) of
groups.

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